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Abstract. We study the intrinsic torsion of almost quaternion-Her- 
mitian manifolds via the exterior algebra. In particular, we show how 
it is determined by particular three-forms formed from simple combina- 
tions of the exterior derivatives of the local Kahler forms. This gives 
a practical method to compute the intrinsic torsion and is applied in 
a number of examples. In addition we find simple characterisations of 
HKT and QKT geometries entirely in the exterior algebra and compute 
how the intrinsic torsion changes under a twist construction. 
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1. Introduction 

An almost quaternion-Hermitian manifold M is a Riemannian 4n-manifold 
which admits an Sp(n) Sp(l)-structure, i.e., a reduction of its frame bundle 
to the subgroup Sp(n) Sp(l) of SO(4n). This is equivalent to the presence of 
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a Riemannian metric g = {•,•) and a rank-three subbundle S of the endomor- 
phism bundle EndTAf, locally generated by three almost complex structures 
/, J, K satisfying the identities of the imaginary unit quaternions. Almost 
quaternion-Hermitian manifold are of special interest because Sp(n) Sp(l) 
is included in Berger's list [2] of possible holonomy groups of locally irre- 
ducible Riemannian manifolds that are not locally symmetric. Also in the 
field of theoretical physics, the study of supersymmetric sigma models and 
their couplings to supergravity is very related with the study of complex and 
quaternionic structures defined on Riemannian manifolds [TU1 [TB] , 

Since Sp(n) Sp(l) is a closed and connected subgroup of SO(4n), there 
exists a unique metric Sp(n) Sp(l)-connection V aqIi = V LC +£, where V LC is 
the Levi-Civita connection and £ is a tensor, called the intrinsic Sp(n) Sp(l)- 
torsion, in T*M ® (sp(re) + sp(l))- 1 . Here (sp(n) + 5p(l)) ± denotes the 
orthogonal complement in so(4n) of the Lie algebra spin) + sp(l). 

Under the action of Sp(n)Sp(l), the space T*M ® (sp(n) + sp(l))- 1 of 
possible intrinsic torsion tensors £ decomposes into irreducible Sp(n) Sp(l)- 
modules, giving rise to a natural classification of almost quaternion-Hermit- 
ian manifolds. In [27] it was shown that, in general dimensions, £ has six 
components and 2 6 = 64 classes of such manifolds potentially arise. An al- 
most quaternion-Hermitian manifold is said to be quaternion-Kahler, if the 
intrinsic torsion £ vanishes. In this case, the reduced holonomy group is a 
subgroup of Sp(n) Sp(l) and the manifold is Einstein. On the other hand, if 
the three almost complex structures are globally defined, then M is said to 
be endowed with an almost hyperHermitian structure (an Sp(n)-structure). 
When the three Kahler forms u>j, ujj, u>k of the Sp(n)-structure are covari- 
ant constant, the manifold is called hyperKahler. HyperKahler manifolds 
have reduced holonomy group contained in Sp(n) and their Ricci curvature 
vanishes. 

By identifying the intrinsic Sp(n) Sp(l)-torsion £ with the Levi-Civita co- 
variant derivative of a certain four-form Q, defined below in equation (|2.1|) . 
one obtains an analogue of the method of Gray & Hervella [H] for finding 
conditions for classes of almost quaternion-Hermitian manifolds. Detailed 
conditions describing classes in this way were given in [21J. 

In the present paper, we will take another approach. In fact, we will 
show how the intrinsic torsion £ can be determined by means of the exterior 
derivatives duJi, du>j and duix of the local Kahler forms corresponding to the 
almost complex structures /, J, K. In the process, there will arise additional, 
detailed information about the components of £ which will be very useful in 
working on examples of almost quaternion-Hermitian manifolds. For all of 
this, we give expressions for the covariant derivatives V lc lua in terms of 
dui, dujj and du>K, see Proposition 14.31 Such expressions contribute to a 
better understanding of Hitchin's result [14] saying that if u>i, u>j and ujk 
are closed, then they are covariant constant. Indeed in Proposition 14.31 we 
show how the Nijenhuis tensor iVj in general is determined by the difference 
Jdujj — KdujK- Let us briefly explain one application of this result, cf. SjH 
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It is known that the geometry of the target space of (4, 0) supersymmetric 
even-dimensional sigma models without Wess-Zumino term (torsion) is a hy- 
perKahler manifold. In presence of torsion, the geometry of the target space 
is a hyperKahler manifold with torsion, usually called an HKT-manifold [17] . 

Grancharov & Poon p~l] showed that an almost hyperHermitian manifold 
(M, I, J, K, (-, •)) is HKT if and only if: 

(i) the three almost complex structures I, J and K are integrable, and 

(ii) Iduj = Jduj j = KduiK- 

A direct consequence of our expression for Na is that condition Jul) is suf- 
ficient to characterise HKT geometry, and in particular (Jn]) implies the in- 
tegrability condition (JTJ) . Similarly, we also show how Grancharov & Poon's 
holomorphic characterisation for HKT-manifolds may be simplified, see $6) 
It is known that an almost quaternion-Hermitian manifold the three co- 
variant derivatives V lc uji, V lc ujj and V lc u>k are not independent, but 
rather any two determine the third [8j [21], see equation (|4.5p . The corre- 
sponding statement for the exterior derivatives du>i, dujj, dojK is not true. 
However, we find that there are still relations expressed by symmetries of 
the three-forms 

Pi = Jdujj + KdujK, etc. 

see (|4.12j) . These symmetries are equivalent to requiring Pa to be of type 
{2, 1} = (2, 1) + (1, 2) with respect to the almost complex structure A. Al- 
gebraically the Pi, Pj and Pk are independent three- forms of these types and 
we find that the space of possible triples of covariant derivatives (Vwj,Vw j, Vlok) 
is isomorphic to the space of possible triples of three-forms (Pi, Pj, Pk)- 

The relevance of the three- forms Pi, Pj, Pk is clearly seen in Proposi- 
tion [53J where we demonstrate how they may be used to compute the com- 
ponents of the intrinsic Sp(n) Sp(l)-torsion £. This gives a practical way to 
compute £ via the exterior algebra and will be used in the study of concrete 
examples in SJTUJ 

In $7J we focus attention on quaternion-Kahler manifolds with torsion, 
also known as QKT-manifolds. Motivation for studying these structures can 
be also found in the field of theory of supersymmetric sigma models, see [15] . 
Our results lead to a new characterisation (17. 5|) of QKT-manifolds that is 
simpler than that provided by Ivanov pH Theorem 2.2]. We also obtain new 
expressions for the torsion three-form and torsion one-form and study of the 
integrability properties of the almost complex structures. 

In Sj9l we consider the intrinsic torsion of quaternion-Hermitian manifolds 
obtained by the twist interpretation of T-duality given in [28]. Using the 
exterior algebra is particularly advantageous here. We see that in many 
cases the QKT condition is preserved. 

Finally, in fTUl we give an number of examples of types of almost quaternion- 
Hermitian manifolds. We particularly mention one of the quaternionic struc- 
tures considered on the manifold 5 3 x T 9 which is a non-QKT-manifold 
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admitting an Sp(n) Sp(l)-connection with skew-symmetric torsion (0, 3)- 
tensor. In the various examples, we have also determined the types of al- 
most Hermitian structure. Because it is an advantage to handle Lie brackets 
instead of directly using V LC , we determine such types by means of the 
exterior derivative duJi and the Nijenhuis tensor iVj. Therefore, in SJH we 
include Table 18.11 showing conditions in terms of dojj and Nj to characterise 
the Gray-Hervella classes. 

Acknowledgements. This work is supported by a grant from the MEC (Spain), 
project no. MTM2004-2644. We thank the organisers of the Workshop on 
"Special Geometries in Mathematical Physics", Ktihlungsborn, 2006, for the 
chance to present some of this material. 



Let G be a subgroup of the linear group GL(m,M). A manifold M is said 
to be equipped with a G-structure, if there is a principal G-subbundle P of 
the principal frame bundle. In such a case, there always exist connections, 
called G- connections, defined on the subbundle P. Moreover, if (M m , (•, •)) is 
an orientable m- dimensional Riemannian manifold and G a closed and con- 
nected subgroup of SO(m), then there exists a unique metric G-connection 
V G such that £ = V G — V LC takes its values in g -1 , where g -1 denotes the 
orthogonal complement in so(m) of the Lie algebra g of G [2H 0]. The 
tensor £ is said to be the intrinsic G-torsion and V G is called the minimal 
G-connection. 

A 4n-dimensional manifold M is said to be almost quaternion-Hermitian, 
if M is equipped with an Sp(n) Sp(l)-structure. This is equivalent to the 
presence of a Riemannian metric (•, •) and a rank-three subbundle S of the en- 
domorphism bundle End TM, such that locally 9 has an adapted basis I, J, K 
satisfying I 2 = J 2 = -1 and K = IJ = -JI, and {AX, AY) = (X,Y), for 
all X, Y £ T X M and A = I, J, K . An almost quaternion-Hermitian manifold 
with a global adapted basis is called an almost hyperHermitian manifold. In 
such a case the structure group reduces to Sp(n). We note that if /, J, K is 
an adapted basis then so are J, K, I and K, I, J; thus formulas derived for 
an arbitrary adapted I, J, K will also apply to cyclic permutations of these 
almost complex structures. 

There are three local Kahler-forms uj a (X,Y) = (X,AY), A = I,J,K. 
From these one may define a global, non-degenerate four- form Q, the funda- 
mental form, via the local formula 



2. Definitions and notation 




(2.1) 



A/ : A P T*M -► A P ~ 2 T*M 
for the adjoint of • i— ► • A uj with respect to the metrics 



(a,b) = ^a{e.i x ,. . . , e ip )b{e h , . . .,e ip ). 
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In particular, for a three-form (5 we have Aj(3 = (• j 0, ujj), and for a one-form 
i/, we have 

An 
i=l 

In the next section, we will explicitly describe the intrinsic torsion of 
almost quaternion-Hermitian manifolds. For such a purpose, we need some 
basic tools related with almost quaternion-Hermitian manifolds in a context 
of representation theory. We will follow the E- ^-formalism used in [23| 
[27] and we refer to [3J for general information on representation theory. 
Thus, E is the fundamental representation of Sp(n) on C 2n = HP via left 
multiplication by quaternionic matrices, considered in GL(2n, C), and H is 
the representation of Sp(l) on C 2 = HI given by q.C, = Qq, for q £ Sp(l) and 
( G 1. An Sp(n) Sp(l)-structure on a manifold M gives rise to local bundles 
E and H associated to these representation and identifies TM ®j{ C = E <g>c 
H. 

On E, there is an Sp(ra)-invariant complex symplectic form uje and a 
Hermitian inner product given by (x,y) c = u>E(x,y), where y i— > y = jy is 
a quaternionic structure map on E = C 2n considered as left complex vector 
space. The mapping x i— ► x w = ue(-, x) gives us an identification of E with 
its dual E*. If {u±, . . . , u n , u±, . . . , u n } is a complex orthonormal basis for E, 
then u>E = uf A itf = ufuf — u^vtf ', where we have used the summation 
convention and omitted tensor product signs. These conventions will be 
used throughout the paper. 

The Sp(l)-module H will be also considered as a left complex vector space. 
Regarding H as a 4-dimensional real space with the Euclidean metric (•, •) 
such that {l,i,j,k} is an orthonormal basis. The complex symplectic form 
is given by oj H = l b A j b + k b Ai b + i(l b A ti> + i b A j b ), where h b is given by 
q i ^ (h,q). We also have the identification, h i— > /i w = ujf(-,h), of -ff with 
its dual If* as complex space. On iif, we have a quaternionic structure map 
given by q = z\ + zi] ^ q = jq = —^2 + where Zi,Z2 € C and zi, Z2 are 
their conjugates. If /i € -fT is such that (/t, /i) = 1, then {h,h} is a basis of 
the complex vector space H and cj# = h u /\h u . 

The irreducible representations of Sp(l) are the symmetric powers S k H = 
C fc+1 . An irreducible representation of Sp(n) is determined by its dominant 
weight (Ai, . . . , X n ), where A, are integers with Ai ^ A2 ^ • • • ^ A n ^ 0. This 
representation will be denoted by V"^ 1 ''"'^, where r is the largest integer 
such that A r > 0. We will only need to use some of these representations 
and use more familiar notation for these: S k E = V^ k \ the fcth symmetric 
power of E; AqE = y^'---' 1 ), where there are r ones in exponent and AqE is 
the Sp(n)-invariant complement to ujeA t ~ 2 E in A r E; also K = V^ 21 \ which 
arises in the decomposition E^A^E = A^E+K+E, where + denotes direct 
sum. 
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Most of the time in this paper, if V is a complex G-module equipped 
with a real structure, V will also denote the real G-module which is (+1)- 
eigenspace of the structure map. The context should tell us which space we 
are referring to. However, when a risk of confusion arise, we will denote the 
second mentioned space by [V]. Likewise, the following conventions will be 
used in this paper. If ip is a (0, s)-tensor, for A = I,J, K, we write 

A {i) ^(X 1 ,...,X i ,...,X s ) = -^(X 1 ,...,AX i ,...,X s ), 

A(ij...k) = ■ ■ ■ A( fe ), and 

Arl>{X u ...,X S ) = (-l)V(AYi, . . . , AX a ). 

3. The intrinsic torsion via differential forms 

The intrinsic Sp(n) Sp(l)-torsion £, n > 1, is in T*M(g>(sp(n) + sp(l))" 1 = 
EH ® K 2 ES 2 H C T*M ® A 2 T*M. The space EH ® K 2 Q ES 2 H consists of 
tensors £ such that 

(i) (l + ^(23)+«/(23)+^(23))C = 0; 

(ii) A A (Cx) = 0, for A = I, J, K, X G TM, 
where I,J,K is an adapted basis of 3. We recall that A 2 T*M = S 2 E + 
S 2 H + K 2 ES 2 H, where S 2 E sp(n) and S 2 H sp(l) are the Lie algebras 
of Sp(n) and Sp(l), respectively. 

A connection V is an Sp(n) Sp(l)-connection if Vfi = 0. This is the same 
as saying that V is metric, V<7 = 0, and quaternionic, meaning that for any 
local adapted basis I, J, K of 3 we have 

(V X I)Y = 1K {X)JY - "fj(X)KY, etc., (3.1) 

where 7/, 7j and 7^ are locally denned one-forms. Here and throughout the 
rest of this paper, 'etc' means the equations obtained by cyclically permuting 
/••/•/<• 

Proposition 3.1. The minimal Sp(n) Sp(l)- connection is given by 

V aqH = yLC + ^ 

where V LC is the Levi-Civita connection and the intrinsic Sp(n) Sp(l) -torsion 
£ is given by 

ixY = -\ A{V^A)Y + \ ^a(X)AY, 

A=I,J,K A=I,J,K 

for all vectors X,Y. Here the one-forms A/, Aj and Xk are defined by 

X i( X ) = h < V x C ^J, u K ) , etc. (3.2) 
Note that if n = 1, then V aqH = V LC and £ = 0. 

Proof. It is not hard to check V aqH g = 0, so V aqH is metric. Now, computing 
(£xI)Y = CxIY — I£xY, it is straightforward to obtain 

(V X C I)Y = \ K (X)JY- \j{X)KY - ZxIY + IZ X Y, etc. (3.3) 
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Hence (V^ H /)y = (V^ c I)Y+(£xI)Y = X K (X)JY-X j{X)KY . Therefore, 
V aqIi is an Sp(n) Sp(l)-connection. 
Furthermore, the tensor £ satisfies 

4n 

MxAY = fey and (& e i> Ae i) = «, 



A^.J-K i=l 



for A = I,J, K. Since these conditions imply £ G T*M ® (sp(ra) +sp(l)) ± = 
T*M ® AfiESPH, then V aqH = V LC + £ is the minimal Sp(n) Sp(l)-connec- 
tion. □ 

The next result describes the decomposition of the space of possible in- 
trinsic torsion tensors T*M®AqES 2 H into irreducible Sp(n) Sp(l)-modules. 

Theorem 3.2 (Swann [21]). The intrinsic torsion £ of an almost quaternion- 
Hermitian manifold M of dimension at least 8, has the property 

£ G T*M <g> klES 2 H = Af,ES 3 H + JTS^i? + BS" 3 ?/ 

° (3.4) 
+ klEH + KH + EH. □ 

If the dimension of M is at least 12, all the modules of the sum are non- 
zero. For an eight-dimensional manifold M, we have Ag-E = {0}. Therefore, 
for dim M 12, we have 2 6 = 64 classes of almost quaternion-Hermit- 
ian manifolds, whereas there are 2 4 = 16 classes when dimM = 8. The 
map £ i ^ V LC J7 = — £f2 is an isomorphism, and in [21] this was exploited 
to give explicit conditions characterising these classes in terms of condi- 
tions on V LC f2. However, from such conditions, it is not hard to derive 
descriptions for the corresponding Sp(n) Sp(l)-components of £ as we will 
now demonstrate. 

Firstly, the space of three-forms A 3 T*M decomposes under the action of 
Sp(n) Sp(l) as 

A 3 T*M = A^ES 3 H + ES 3 H + KH + EH. 
Consider the operator 

£ = £/ + £j + (3.5) 

on A 3 T*M, where 

= ^4(12) + ^4(13) + A(23)- 

The operator XL has eigenvalues +3 and —3 with corresponding eigenspaces 
(K + E)H and (AjjE + E)S 3 H. For $ G A 3 T*M, we have = i/j h + $s* H 
with 

rl>H = \W> + W), (3-6) 

^ = ±(3^-^)- (3.7) 

The component tpH is characterised by Ha^h = V'-ffj f° r ^ = I,J,K. On 
the other hand ips 3 H satisfies Y1a=i j k j ^(12)' 1 Ps 3 h = ~i ) s 3 H- Writing tpn = 
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^(KH) + ^p(EH) (z KH + E H and ip sm = ^ (33) + *0 (jB3) G A 3 ES 3 H + ES 3 H, 
one computes 

^ } = -^T E 

a=.t,j,j< 

^ 3) = -^T) E A^-^A^, 

where 0$(JQ = AAai/) and ^ = ± Ea=/,j,k 

Let us now describe the Sp(n) Sp( l)-components of the intrinsic torsion £, 
and include characterisations via three-forms. We will write £33, £x3, S.E3, 
(,3H, £,kh and £eh for the components of £ corresponding to the modules in 
the sum (13. 4p . We have the following descriptions: 

(i) £33 is a tensor characterised by the conditions: 

( a ) Ha=i,j,k(&3)aA = - J2a=i,j,k a (^33)a = -63, 

(b) (•, (£33)--) is a skew-symmetric three-form. 

Or equivalently, £33 is give by (Y, (£ 3 3)xZ) = i>^ 3 \X,Y,Z), where rp^ lies 
in the module A^ES 3 !! C A 3 T*M. 

(h) £k3 is a tensor characterised by the conditions: 

( a ) Ea=/,J,.R-(^"3)a-4 = - Y<A=I,J,K A (t,K3)A = ~£k3, 

(b) &xyz( y >(Z™)xZ) = 0. 
Or equivalently, £^3 is expressed by 

(Y,(t K3 ) X Z)= A (23)^a\ 
A=I,J,K 

(K) 

where ip A ', A = I,J,K, are local three-forms in the module KH such that 

Ea=i,j,k^a ] = 0. 

(iii) £,E3 is given by 

(Y, (Ze3)xZ) 

= J E M(^-^)Aa; A -(n-l)A(0|-^)®a; A )(X,r,Z), 

where #^ is the one-form defined by 

fi(2n + l)(n-l)^(X)=-^ ei e i ,JC) = - ]T (A^e^X), (3.8) 

A=I,J,K 

and #|, 0j, 0^ are the local one- forms given by 

l(2n + l)(n - = - (A^Ae^X) . 

Note that 30* = 6^ + 6^ + 6%. 

(iv) £,3H is a tensor characterised by the conditions: 

(a) (& H ) A A- A(& H ) A - A£ 3H A = & H ,foi A = I,, J, K, 

(b) <3x,y,z( Y >&h)xZ} = 0. 
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Or equivalently, £sh is expressed by 

{Y,fa H ) x Z) = E 

A=I,J,K 

(3) 

where ip A , A = I, J, K are local three-forms such that 
(p) V® is in A 3 ES 3 H, 

(3) 

(q) ^ A is of type {2, 1} with respect to the almost complex structure A, 
i.e., £ja^a = ^2 '' A = ^' J) ano - 

One may check that one of these three-forms is sufficient to determine the 
others. Indeed 

= _i(3 + £ J )^( 3 ) and ^g) = _i( 3 + ^)^( 3 ). 

(v) Crth is a tensor characterised by the conditions: 

(a) (Ca-h)a^ - - = Zkh, for A = I,J, K; 

(b) there exists a skew-symmetric three-form ifj( K ^ such that 

(y,(^)x^) = (3V w - £ (^,y,z); 

( c ) Ei=i(Cjsrfr) ei ei = 0. 

Note that conditions (jvTajl and (fvTcl) can be replaced by saying that i/j( k > is 
in KH, i.e., for each A = I,J,K, the form is of type {2,1}^ and 

satisfies A A ^ (K) = 0. 

(vi) Ceh is given by 

(Y, (Zeh)xZ) = 3 ei ® ei f\ 6^X, Y, Z) 
A=I,J,K 

where 6^ is the global one- form defined by (|3.8p . 

(vii) The part ^ = 6a + £x3 + 6?3 of £ in (Ag£ + K + £)S 3 # is 
characterised by the condition 

y~] (Zsw)aA = - E A (Csm)A = -£s 3 h- 

A=I,J,K A=I,J,K 

(viii) The part £ H = & H + £kh + £eh of t in (Aq£ + K + is 
characterised by the condition 

(£ H M - A(S H ) A - A{i H ) A = £ Ht 

for A = I,J, K. 
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4. Use of exterior derivatives 

Here we will find out how the intrinsic torsion £ can be determined by 
means of the exterior derivatives of the Kahler forms duj, dcoj and daiR. 

In [20] it was shown that the covariant derivatives Vw;, Vloj and Vojr 
are given by 

V LC a;/ = Xk <8> ojj - Xj (g> ujk + J(2)OiK - K(2)aj, etc. (4.1) 

where A^ are given by equation (|3.2|l and aj,aj,ax & T*M ® AqE C 
T*M ® fiPTM are defined by 

a/ := -A 7 ® 5 + i(J (2) - J {3) )V LC u;x 2 

= -Xj ® + - -^(2))V LC u;j, etc. 

We may rewrite the intrinsic torsion £ from Proposition 13.11 using equa- 
tion (14.11) giving 

Or*' = -\{{on) x IY) + (aj)xJY + (a K ) x KY), (4.3) 

where (cya) is given by {Y, (ola)x = a A(A;Y,Z). Thus the intrinsic 
torsion £ only depends on the a^'s; the A^'s have no influence. 

Note that the dimension of the space of possible triples (ai,aj,ax) co- 
incides with the dimension dimT*M ® AlES 2 H = 12n(2n + l)(n - 1) = 
3 dim T*M® A\E of the space of possible intrinsic torsion tensors. 

As EH ® AqE 1 = AqEH + .fCff + EH, one may decompose a/ into three 
Sp(n) Sp( l)-components 

aj = af* + a\ K) + af ] £ A^EH + Kff + EH. 

If dimM = 8, the module AqE is trivial and the corresponding compo- 

nent a\ is not present. The component a\ is determined from a one- form 
r)i which is defined by 

Vl (X)=a I (e i ,e i ,X). (4.4) 

Furthermore, the components of the a^'s can be used to characterise classes 
of almost quaternion-Hermitian manifolds. 

Proposition 4.1 (Cabrera & Swann [20]). Let M be an almost quaternion- 
Hermitian manifold with intrinsic torsion £. ///, J, K is an adapted basis of 
9, then forV = 3,K,E, 

(i) each component £vh is linearly determined by Ir^a^ + J^a^J^ + 
K (l) a K > 

(ii) each component £v3 is linearly determined by /maf — J^a^ and 

J (1)«J ~ K (l) a K ■ 

( F) ( F) 

Observing that A^a A = Aa A is linearly determined by the one- form 
ArjA, we have the following result. 



Corollary 4.2. Under the same conditions as Proposition 4-L we have: 
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(i) £,eh is linearly determined by Ir/j + Jrjj + KrjK, 

(ii) £,E3 is linearly determined by Ir/i — Jrjj and Jrjj — Kt\k- 

We now proceed to express the covariant derivatives V^coj, V^ c wj and 
V^ujk in terms of duj, <koj and diOK- We use a relation between these 
covariant derivatives found in (HE], which may be symmetrically expressed 
by 

(V^W) {JY, KZ) + {V'fioj) (if Y, IZ) + (V^V) (IY, JZ) = (4.5) 

and the following identity given by Gray [12] 

2V LC W = dwi - I(2S)dui - J (3) iVj, (4.6) 

where iV/(X, Y, Z) = (X, Ni(Y, Z)) and the (1, 2)-tensor Nj is the Nijenhuis 
tensor for I, i.e., N T (X, Y) = [X, Y] + I[IX, Y] + I[X, IY] - [IX, IY]. 

Under the action of U(2n)j the space of three-forms decomposes in to 
irreducible modules as 

A 3 T*M = Af' 0} T*M + kff ] T*M + \f fi} T*M A wj = W 1+3+4)7 , 

where Wj/ are isomorphic to the Gray-Hervella modules described in [13] 
and the subscript I indicates the almost complex structure considered. Note 
that a three-form tp lies in W 3+4j / = kf' l} T*M C A 3 T*M if and only if 

C(12) + J (13) + I(23))i > = ^ i-e-j = 

Proposition 4.3. For an adapted basis I, J, if i/ie exterior derivatives dui, 
etc., determine 

(i) the covariant derivative X7 lc uji by 

2V LC w, = (1 - / (23) )tL;j + (/ {2) + I m )J {1) dwj (4.7) 

- U - I (23)) J (l)d^>K 

= (1 - I(23))dui + (1(2) + I {3) )K (1) duj K (4.8) 
+ (1 - I (23)) K {1) duj J, 

(ii) i/ie Nijenhuis (0, 3) -tensor Nj by 

2iV/ = (i (12) + i (13) + i (23 ) - 1) J(23)(JdWj - ifdWtf) ^ 
= (1 - J (12))(#(23) - J(23)){JduJj - KduJ K ), 



(iii) i/ie one-form IXj of equation (|3.2p fry 

2niA/ = IK K dujj + JA K du)[ + JAidw K ( 4 -10) 
= IAxdujj + AfduJi — Axdux, (4-H) 

ane? moreover 

(iv) Jcfwj + if G W34-4,/, i.e., 

(J(i2) + ^(13) + I{23)){Jdujj + Kduj K ) = Jdujj + if dwx- (4.12) 

T/ie corresponding expressions with respect to J and if are obtained by cyclic 
permutations of I,J,K. 
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Proof. Equation (14.71) is derived from its right-hand side, taking into account 
that duj A (X,Y,Z) = Q XYZ (V^'uja) (Y,Z), A = I,J,K, and making re- 
peated use of equation (14.51) . The proof for equation (|4.8p is similar. Now, 
(pi)) , ([ml) and flrv]) are immediate consequences of (|4.7p . (14.81) and Gray's 
identity ifOj) . □ 

The expressions for the intrinsic Sp(n) Sp(l)-torsion £ given in next result 
are consequences of the last proposition and equation (|3.3p . 

Proposition 4.4. T/ie intrinsic Sp(n) Sp(l) -torsion £ is determined by the 
exterior derivatives dwj, etc., by 

= ± 6 (A^j - JA/dw/ + IA K dw K )(X)IY 

UK 

+ I 6 f ( J (2) + J(3) + (^(12) + -/(is) + #(23) - (X, y, ei)ei. 

Proof. One computes first 

^y = ^ 6 {(i j^j,^} + (ii j ^j,^} - (/x j 

UK 

- I 6 {dui{X, Y, l ei ) + duj(X, IY, a) - du,j(JX, Y, e;) 

UK 

+ dujj(JX, IY, l ei ) + duj K (JX, Y, ie^e, + duo K (JX, IY, eOjeij 
and then takes advantage of the second cyclic sum to rearrange terms. □ 

5. A MINIMAL DESCRIPTION 

Motivated by Proposition I4.3l1iv]) . let us introduce the three-forms 
Pi = Jdujj + Kdu>K, etc. 
These determine the exterior derivatives dwi, dwj, dwx as follows 
2dcoi = I (pi - Pj - p K ), etc.. 

{2 1} 

and Pa €. ^3+4^ = A^ ' S T*M, so the dimension of the space of possible 
exterior derivatives dwi, dujj, cLuk is at most 3dimCW3 + 4) = 12n 2 (2n — 1) 
|13j . On the other hand, equation (|4.ip implies that the dimension of the 
space of covariant derivatives Vwj, Vtoj, Vojk is determined by the possible 
triples of A's and a's. This dimension is Yin + 12n(2n + 1) (n — 1) = 12n 2 (n — 
1), which coincides with the above one computed for the P's. Therefore, 
algebraically, the three- forms Pi, Pj, Pk are independent. 

We will now show how, components of, the P's determine the intrinsic 
torsion. Consider the action of the group Sp(n) U(l)i, which is the inter- 
section of U(2n)i with Sp(n)Sp(l), on the module W 3+4i / = a\ 2 ' 1} T*M C 
A 3 T*M. It was shown in [20| that W 3 tg> C = (A%E + K + E)(Lj + Zj) and 
W4 ® C = E(Li + Li), where we write L/ for the standard representation 
of 17(1)/ on C. Since AqE, K , E are representations of quaternionic type 
and Li is of complex type, the tensor products AqEL, etc., in the above 
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decompositions are all of quaternionic type. The underlying real modules 
[V]n obtained by regarding the modules V as real vector spaces give real 
representations of Sp(n) 17(1) and 

W 3/ = [AlELj] R + [KLj] R + [ELj] m , W 4/ = [ELj] m . 

Using these decompositions, the tensor Pi splits into four components 

Pi = pf ] + P { T K) + P ( 3 f + P u , (5.1) 

with one-form parts 

4? = ~\ M AuJ J~ \ Kv l + l^=l lv i A (5.2) 

fa = -2$=i Iu i Auj i> ( 5 - 3 ) 

where v\ and v\ are one-forms, which we will now specify. We have 

v{ = Ikjfa. (5.4) 

A computation gives the following formula determining v\ from (3j: 

JAjfa = KA K fa = (z/| + (2n + l)(n - 1)4). (5.5) 

Here the first equality in (15. 5p is equivalent to 

IAj^dcoj + IAjcLjk = —Ajdujj + A^dux (5.6) 

which is an immediate consequence of equations (|4.10j) and (14. lip of Propo- 
sition 14.31 and the fact that Pa £ ^3+4,A- We may now find the other 
components of Pi via (|3.6p and (|3.7I) : 

pf ] = \{2-Lj-L K )pf +K \ ti K) = l(4 + Zj + L K )p ( f +K \ (5.7) 
where = ^ - ^? - ^ . 

Remark 5.1. The expressions for the one-form parts are a little simpler in 
dimension four, i.e., n = 1. Recall that the Lee form of wj is Id*u>i = 
—Aidwi, where d* is the co-derivative. For n = 1, we have W3 = {0}, so 
Pi £ W 47 , IA//3/ = JA j/3 7 = i-TA^/?/ = v{, and 

KAjdcoi = —JAxdwi = —Aiduji = Id*u>i, etc. 

Remark 5.2. In order to apply Proposition 14. II to classify almost quaternion- 
Hermitian manifolds, the tensors ae^ and can be computed from the 

triples pf \ 0j, and Pj K \ Pj K \ P^ respectively. In fact, we would 
begin with equations (|4.2p which define a a and then use Proposition 14.31 

To analyse the ES 3 H and EH components of the intrinsic torsion £, we 
wish to apply Corollary 14.21 which requires knowledge of the one-forms r//. 
Let us see how these are determined by the Pi's. Equation (|4.1|) gives 

Pi = - JA/ A ojk + J\k A ui + J Alt(K(2)Oii) - J AU(I(2)Oik) 

- KXj Aui + KXi Aujj + K AU(I(2)aj) - K AU(J( 2 ) a i), 
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where Alt{(t>)(X,Y,Z) = (Q XYZ (f)(X,Y,Z), for <t> E T*M A 2 T*M. This 
combined with (|4.11h leads to 

Anlrjj = 2(n - 1) JAjPi + /A/((n - + f3j + (3 K ) 
- nJkj(5j - nKA K (3 K , 
AnIX I = 2JA J (3 I + IA I ((3 I -pj-p K ), etc. 

Note that the right-hand sides of these equations are linear combinations 
of v% and , A = I,J, K, so 

im = {2 ::$ti? ((2(« - m + a + + (-i - -4 j - if)) , 



4n(2n-l) 

^ = ^^gS^ (2^ " -3 J " + m^T) ((2n + l)*f - -4 J " 



etc. 

The next proposition shows clearly the roles played by the three-forms /?/, 
j3 j and (5k in determining the components of the intrinsic torsion £. This 
provides a practical way to compute £ using the tools of the exterior algebra. 

Proposition 5.3. For an almost quaternion-Hermitian 4n-manifold, n > 1, 
we have: 

(i) The three-form tp( 3 \ which determines £33, is given by 

*® = (5-8) 

(ii) The local three-forms tpj, yj > "yk eac ^ °f which determine £,3H, 
are given by 

^ 3) = -|A 3) + ^(3 + ^a) E (5.9) 

B=I,J,K 

(iii) The three-form which determines ^KH, is given by 

* W =-A(/^+/#° + /^ (5-10) 

(iv) The local three-forms "4>j K \ ^j^> which determine £k3> are 
given by 

A K) = -id? + J £ («■«) 

B=I,J,K 

(v) T/ie one-form 9*, which determines Ceh, is given by 

^ = 24tfcy E (^-2^4A A ), (5.12) 

(vi) T/ie /oca/ three-forms 9^, 9j, 9 K whose differences 9 A — 9^ determine 
£,E3, are given by 

(v£_ 2AXA) _n=i £ (ui-2B\ B )). (5.13) 



4(n+l) y- i "-"-^A) 2(2n-l) 

B=I,J,K 
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Proof. For the covariant derivative of the local Kahler forms ojj, we have 

V l x c loi(Y, Z) = X K (X)uj(Y, Z) - Xj(X)uj k (Y, Z) 

-(Y,ZxIZ)-(IY,Z x Z), lK } 

from which one derives 

Idwi = -I\ K Aloj + IXjAlok- 6 ((y, i ix iz) + (IY, i Ix z)) 

XYZ 

and 

Pi = KXi Awj- JXi A w/f - IXj A oj/ 

- 6 {{Y, Ox JZ) + (JY, i JX Z) + (Y, UxKZ) + (KY, £ KX Z)) , 

(5.15) 

where A/ = JAj + KXk- 

For parts (P and Jn]), equation (15 . 15|) gives 



(3), 

yv , j , j — 

+ (V, (£33 + tw)KxKZ) + (AY, (£33 + &h)kxZ) . 



-/3f j (X, y, Z) = e C> (&3 + &h)jxJZ) + {JY, (63 + 



We now get 



pf = 6^( 3 ) + 2£ A V (3) - 8^ 3) 



which leads to equations (|5.8p and (|5.9|) as required. 
For parts (|mj and Jrv]), we use (|5.15|) to get 

which gives equations (15.10(1 and (15. lip . 

Finally, for parts (jvj) and (JvTJ) , use (I5.15P to find 

nP^ = -l(nXj + 6(n - 1)0* - 2(3n + 1)6>|) A w 7 

- J(n/Aj + 6(n - l)0 e + 2(n + A 

- K[nIXi + 6(n - 1)6*^ + 2(n + 1)6>|) A a/*-, etc. 
Using equations (|5.2p . (|5.3I) and (15.51) . this gives 

^ = 2ylA A + £(3(n - 1)0 ? + (n + 1)0* ) , (5.16) 
^ = (2n - 1)A+ + 2AA A + 6 ("- 1 K 2 ^+ 1 ) (fl€ - 0« ), ( 5 .17) 

for A = I,J,K. As 30* = 0^+0j+0^, equations (l5~T2l and rf5~T3l) follow. □ 

We may now quickly record what happens under conformal changes of 
metric. 
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Proposition 5.4. On a almost quaternion-Hermitian An-manifold, if we 
consider a conformal change of metric (-,-)° = e 2a (-,■), with a £ C°°(M), 
then 

uj° a = e 2a uj A , duj° A = e 2a (2da A uj a + du; A ) , 

Ad*LU° A = Ad*u A - 2{2n - l)da, AX° A = AX A - \do, 

(3° = e 2a (/?/ + 2 J da Aloj + 2Kda Au K ), etc. , 

vf = v£- Ada, uf = v£~ ^da, 9^° = 6^- \da, 8% =9 A ~ \da. 

In particular, the only component of the intrinsic torsion that changes is £,° EH - 

Proof. The identities follow from the definitions of each tensor involved. For 
the intrinsic torsion, use these identities, Proposition l5.3l and the descriptions 
of the components of £ given at the end of ^3 □ 

6. HYPERKAHLER MANIFOLDS WITH TORSION 

In this section we will see some consequences of Proposition 14,31 in HKT- 
geometry. This geometry arises on the target space of a N = 2 super- 
symmetric (4, 0) (T-models with Wess-Zumino term. 

Definition 6.1 (Howe & Papadopoulos [1TJ ) . An almost hyperHermitian 
manifold (M, I, J, K, g = (•,•)) is an HKT-manifold (hyperKahler with tor- 
sion), if the following conditions are satisfied: 

(i) the almost complex structures I, J, K are integrable; 

(ii) M admits a linear connection V HKT = V LC + ^T, such that 

(a) V HKT I = V HKT J = V HKT K = 0, and 

(b) V HKT <7 = 0; 

(hi) the (0, 3)-tensor field, also denoted by T, defined by T(X, Y, Z) = 
(X, T(Y, Z)) is a skew-symmetric three-form. 

A result of Grancharov k, Poon [TTj says that an almost hyperHermitian 
manifold M is HKT if and only if (I, J,K, (■,■)) is hyperHermitian (i.e., 
Nj = Nj = Nk = 0) and Idujj = Jdu j = KdujK- We now give the follow- 
ing improvement of this result, showing that the integrability assumption is 
redundant. 

Proposition 6.2. Let (M, /, J,K,g) be an almost hyperHermitian manifold. 
Then the following conditions are equivalent: 

(i) M is an HKT-manifold; 

(ii) IduJi = Jdujj = Kduix; 

(iii) p I = p J = p K . 

Proof. If M is a ff-fTT-manifold, we have a connection V HKT = V LC + 
satisfying the conditions given in Definition 16.11 The integrability condition 
gives Nj = = Nj = Nk and V lg uj a £ V^3+4,a- Now, using equation (14.6(1 . 
we obtain T = Idwj = Jdujj = Kdujjc = \Pi £ "^3+4. 
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Conversely, suppose IduJi = Jdwj = Kdwx- Proposition 14. 3lflTTT) gives 
Nj = Nj = Nk = 0. The connection V HKT = V LC +±T, where {X, T(Y, Z)) = 
Idcoi(X,Y, Z) now satisfies the HKT conditions. □ 

Grantcharov & Poon [TTj give a second characterisation of HKT manifolds 
in terms of the complex geometry of I. Let us define as usual the operators 
&a and 8a acting on a p-form ip by 

d A ^ = \{d + {-If iAdA) ij), 8 A 4> = \{d- (-l) p iAdA) ij). 

Assuming integrability of I, J and K, Grantcharov & Poon show that M is 
HKT if and only if the (2, 0)-form uj,j + iujk is ^/-closed. Once again we may 
weaken the integrability requirements. 

Proposition 6.3. Let (M,I, J,K,g) be an almost hyperHermitian manifold. 
Then the following conditions are equivalent: 

(i) M is an HKT -manifold; 

(ii) Jduij = KdiOx and Nj = 0; 
(hi) di{ujj + iujk) = and Nj = 0; 
(iv) Bi{ujj — iojk) = and Nj = 0. 

Proof. It is easy to see that the three conditions Jduj = Kduix, di(ujj + 
iujk) = and Bj(loj — iuJx) = 0, are equivalent. Moreover, by Proposi- 
tion [OJn!) , the condition Jduj = KdujK implies Nj = 0. Now, the integra- 
bility of I and J imply that K is integrable (see [22] or the newer proof |20J). 
Hence, any of the last three conditions give that the manifold is hyperHer- 
mitian and dj(u>j + iluk) = and we obtain HKT from Grantcharov & 
Poon. 

Alternatively, we may prove the result just using tools contained in the 
present paper. Suppose Nj = and Jdojj = Kdujx- Then Jdujj and hence 
KdiOK lie in W3 + 4 j j. However, Proposition l4.3l1ivl) gives that Kdu>K+Idwi S 
W3 + 4 ) j, so we have Idioi E V^3+4, ; j too. Now let us use Proposition 14. 3tlnl) for 
the integrability of J. We have = Kr 2 3) (~J(i2) ~ J(iS) + J(23) ~ ^){KdujK — 
Idwi). But J(i2) + J(23) + ^(13) = 1 on and Jdujj = KdtUK, so 

J(23)(Jdu>j — IduJi) = Jdujj — IduJi. 

Skew-symmetrising both sides of the identity, we find that Jduj — IduJi = 
2>{Jdujj — Idwi). So, Idwj = Jdujj = Kdux- d 

Next we describe the very special situation for four- dimensional HKT- 
manifolds. 

Proposition 6.4. // M is an almost hyperHermitian 4-manifold, then the 
following conditions are equivalent: 

(i) M is an HKT-manifold; 

(ii) the three Lee one-forms are equal, i.e., Id*ui = Jd*ujj = Kd*ujx; 

(iii) the almost complex structures I and J are integrable; 

(iv) the almost Hermitian structures corresponding to I and J are locally 
conformally Kdhler, so M is locally conformally hyperKahler. 
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Proof. For dimension 4, the Gray-Hervella modules Wi and W 3 are zero, we 
have 19 Auj = J9 Aujj = K8 A uk, for all one- forms 6, and any three- form 
may be written in this way If M 4 is an HKT-manifold, we see that the 
almost Hermitian structures are of type W 4 and that 

T = AcLua = -At A lu a , 

where t = AAaT = — A^cL;^ = AcI*uja- On the other hand, if the three Lee 
forms are equal to a one-form £, then 

Ickui = —It A toj = —Jt A loj = Jckuj. 

Hence IoIuji = Jduj = Kdujx and M is HKT. 

For conditions (lull) or (Irvj) . the three almost complex structures are in- 
tegrable, so the almost Hermitian structures have a common Lee form, 
by [2D]. □ 

In Sj4] it was shown that for any almost quaternion-Hermitian manifold, 
the exterior derivatives of the three local Kahler forms of an adapted basis 
/, J, K satisfy the identities (|5.6j) . When the manifold is HKT, additional 
identities are also satisfied. 

Lemma 6.5. For a An- dimensional HKT-manifold, the exterior derivatives 
du>i, dujj and dtox satisfy 

t = —Ajduj = Kkjdwi = —JAxduji, etc., (6.1) 

where t = Id*uJi = Jd*uij = Kd*uJx- Furthermore, IXi = JXj = KXk = 
^t, 6^ = 9j = 6 j = 9 K and the one-forms corresponding to the E-parts 
of Pa are such that 

u{ = v{ = i/f = 2t, (6.2) 

4 = 4 = 4 = 329^ = ^t, (6.3) 

where the second line holds for n > 1. 

Proof. Since 2T = 0j = j3j = f3x , we have 

I A 2 Pa = JAjPa = KA k Pa, 

from which we obtain (|6.ip and (16. 2|) . via (|5.4p . Now, using equation (15. 5|) . 
we have (2n + l)(n - l)v£ = 4(n - l)Ad*u A and hence (jO|l . □ 

7. Quaternion-Kahler MANIFOLDS WITH TORSION 

A genuinely quaternionic analogue of HKT geometry also arises in the 
physics literature via the theory of super-symmetric sigma models. In this 
section we give a definition in terms of intrinsic torsion, relate this definition 
to the existence of connections with skew-symmetric torsion, provide dif- 
ferent characterisations of the geometry and describe the relationship with 
HKT geometry. Important mathematical work in this direction was previ- 
ously done by Ivanov [18J. Here we concentrate on the intrinsic geometry, fit 



INTRINSIC TORSION OF ALMOST QUATERNION-HERMITIAN MANIFOLDS 19 

the geometry into our general formalism and improve and clarify a number 
of his results. 

Definition 7.1. An almost quaternion-Hermitian manifold of dimension 
An ^ 8 is QKT {quaternion- Kahler with torsion) if its intrinsic torsion lies 
in (K + E)H. 

As in other cases, we may write this condition on the intrinsic torsion in 
terms of three- forms. 

Lemma 7.2. The intrinsic torsion £ lies in (K + E)H precisely when it is 
given by a three-form ip S (K + E)H C A 3 T*M via 

{Y,£, X Z) = (tip + Y, {-A {23) iP + %A9^®u A ))(X,Y,Z), (7.1) 

A=I,J,K 

where 9^ = IAjifj = JAjip = KA^ip. Moreover, for a given intrinsic torsion 
£ £ (K + E)H we have that ip £ A 3 T*M is unique and given by 

48(n - l)i> = (n - + \ ^ A9 d * a Au A , 

A=I,J,K 

where is the fundamental four-form (|2.ip and d* is the co- derivative. 
When applying this result it is often useful to recall the formula [21] 

d*Q, = 2 Y {d*UA A to a — AduJA)- 
A=I,J,K 

Let us now demonstrate how the QKT condition relates to connections 
with skew-symmetric torsion and so the original definition of Howe, Opfer- 
mann & Papadopoulos [E]. Recall that {K + E)H C A 3 T*M is the (+3)- 
eigenspace of the operator H given in (|3.5I) . 

Theorem 7.3. An almost quaternion-Hermitian manifold M is QKT if and 
only if there exists a metric connection V^ KT = V LC + \T that is quater- 
nionic and whose (0,3)-torsion T(X,Y,Z) = (X,T(Y, Z)) is a three-form 
satisfying in LT = — 3T. When M is QKT, V^ KT is the unique Sp(n) Sp(l)- 
connection on M with skew- symmetric torsion. 

Concretely, we claim that the intrinsic torsion £ of the QKT structure is 
given by (|7.ip with ip = —^T and that so 

T = -id*n- J ^ £ A9 d * n A ua- 

A=I,J,K 

Note that in §10lwe will provide examples of almost quaternion-Hermitian 
manifolds that are not QKT but none-the-less admit Sp(n) Sp(l)-connections 
with skew-symmetric torsion. 

Proof. If £ G (K + E)H, then £ is given by equation (|7.1I) for some ip in (K + 
E)H. Putting T = -8ip we find that V QKT = V LC + \T is metric and, 
via (|3.3j) . quaternionic. 



20 



FRANCISCO MARTIN CABRERA AND ANDREW SWANN 



Conversely, if M has such a connection V^ KT , then 

V LC w 7 = 7x <g> uj - 7J ® u K - \ (7 (2) + / (3) )T, (7.2) 

where 7,4, ^4 = I,J,K, are the one-forms given by (13. lj) for V = \7^ KT . 
Using equation (I5.14p . we find 



{Y,ixZ} = -\Ut - V A (23) r)(x,y,z) 



A=/,J,i4' 



(7.3) 



+ ^ E (Aa-7a)®^(X,F,Z). 

A=I,J,K 

As £ G T*A7 8) AlES 2 H, we have (Aej, £xei) = and find 

X A -lA = -^At, (7.4) 

with t = 7A/T = JAjT = KA K T. Using ([731) equation (fOjl . we obtain 
equation ([73]) with ^ = - §T G (if + £)77. □ 

Remark 7.4. The situation for 4- dimensional almost quaternion-Hermitian 
manifolds is very special. Here the Levi-Civita connection is always quater- 
nionic, i.e., 

V LC 7 = \ K <g> J - Aj (8) 7C, etc. 

Also in this dimension, we have A 3 T*A7 = T*Af and any three-form T may 
be written as T = —At A cja for some one-form t valid for A = 7, J and 7^. 
In this way, given any t G fi 1 (A7), we may construct V = V LC + \T and 
find 

V7 = 7/f J - 7j (8) 7C, etc., 

where 7,4 = A^ + ^t. Hence V is a connection with skew-symmetric torsion 
preserving the almost quaternion-Hermitian structure. However, in this case, 
V is not unique. 

Forgetting the metric of an almost quaternion-Hermitian structure we are 
left with an almost quaternionic structure. This is an integrable quaternionic 
structure if there is a torsion-free quaternionic connection V q , i.e., V = V q 
satisfies (|3.ip : this is a weaker condition than integr ability of I, J and K. 
In the presence of a compatible metric, integrability of the quaternionic 
structure is equivalent to the vanishing of £s3iy> the (AqE + K + H)S 3 H- 
part of the intrinsic torsion, cf. [24]. In dimension four, this condition is just 
self-duality of the conformal structure. In dimension 8, the module AqE is 
zero, so £ G (K + E)(S 3 H + H) and integrability implies that £ G (K + E)H. 
We thus have: 

Proposition 7.5. Any compatible metric on an eight- dimensional quater- 
nionic manifold is QKT. □ 

This applies for example to any metric compatible with Joyce's invariant 
hypercomplex structure on SU(3) [19j. 

The one-form t in the proof of Theorem 17.31 has independent importance. 
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Definition 7.6. For a QKT manifold with torsion three-form T the torsion 
one-form t is defined by 

t = JA/T, 

for any compatible almost complex structure /. 

There are many alternative expressions for t: 

Lemma 7.7. For a An- dimensional QKT -manifold, n > 1, the torsion one- 
form t satisfies 

= (^eif = -%An A = ^ * (*dn a n) = -^AA A d*n, 

where tja is given by t|4.4[) and X = {X, •). 
Remark 7.8. The one-form 

*(*dnAQ) = -2 AA A d*fi 

A =I,J,K 

was considered in |21j in relation the i?i?-component of £ in general. One 
finds that *(*dtl AO) = 16n (^e,) . There it was noted that 

4n(Jr)j + JTj^) = 2IAjd*n = - * (*dS~l Aw/A a;/) . 

Proo/. Using (|4.3D . one finds (£ ei ei) b = — | Xm=jj.k: ^a- When £ is in (AT+ 

we have Iry/ = Jrjj = Kt\k- Therefore, (^e^if = —\lf]i. On the other 

hand, using \P = — gT in equation (|7.1I) . we obtain {ie^if = - 3 ^~ 1 ^ . 
The remaining equalities follow from Remark 17.81 □ 

Further relations between the torsion three-form T and the four-form Vt 
follow from equation (17.21) . In particular, we have 

V LC ft = - ^2 (A( 2 ) +i(3))TAw j4 , = —2 ^ j4T A oj a . 
A=I,J,K A =I,J,K 

Let us now give a characterisation of QKT manifolds. 

Theorem 7.9. An almost quaternion-Hermitian manifold M is QKT if and 
only if for each local adapted basis I, J, K there are local one-forms 7/, jj, 
jK such that 

(3j — (3i = Idiuj — Jdtoj 

(7 5) 

= I(Kj K ) Awj-J (Kik) Awj + K~i K A lj k , etc. , 

where 7^ = Ijj — J^j; 

In this case, the skew-symmetric torsion three-form T is given by 

2T = 2{Idw I + J(Kj K ) Awj + K(Jjj) A u K ) (7.6) 

= Pi + J{Iii) f\ujj + K{I~n) AuK + ltf Awj, gte. (7.7) 

where 7^ = J7J + If 7k ane? 

2(n-l)/ 7/ = (Aj + /A^)(iu;j = {A K - IAj)duj K , etc.. (7.8) 



22 



FRANCISCO MARTIN CABRERA AND ANDREW SWANN 



Remark 7.10. Equation (17.71) also implies that, for dimensions strictly greater 
than four, the QKT-connection V^ KT is unique. This fact was already 
proved by Ivanov, who also characterised QKT-manifolds by the differences 
(Idu} I ) Ws+4i - (Jduj) Ws 4j pi Theorem 2.2]. Our Theorem ES can be 
considered as an improved version, based on the three- forms Pa, which are 
automatically in Ws+^a- 

— ( F) 

Remark 7.11. Let us write Wgj yrji) and W^j(r]j) for the right-hand sides of 
equations (|5.2p and (|5.3p . respectively. Equation (|7.7p can then be written 

2T = p A - Wjg? - W 4A (2A 1A + (2n - 1)7!) • 

Consequently, we see that QKT-manifolds have 

pf = o, ^ =/3 w = /3 w 

v£ = 2A 1A + z^A-t and v£ = 2A lA + (2n - 1) 7 1 + 2t, 

using equation (j7.4R and Lemma 17.71 This should be compared with the 
results of Lemma 16.51 

Proof. Suppose M is QKT. From V QKT = V LC + \T and equation ([721), we 
have 

dwi = —IT + jk Awj — 7j Auk- (7.9) 

Multiplying by I gives (|7.6p and equation (17.5(1 follows. 

Conversely, if equation (17. 5h is satisfied for some one-forms ja, then we 
may consider the three-form T given by (17. 6p and use (|7.5p to obtain the 
alternative expression (|7.7p . see that it is unchanged by a cyclic permutation 
of I, J, K, and hence globally defined. By Proposition l4.3KfrvT) . we find that 
T £ W 3+4iJ 4, for A = I,J,K. Hence T £ (K + E)H and M is a QKT- 
manifold for the connection V^ KT = V LC + \T . 

Finally, using equation (|7.9p . we get 

KAjdwi = t + J7J + (2n - l)Kj K and - Ajdw/ = t + J 7 j + i^7x. 
Using the identity (15. 6p . now provides the claimed expressions for J7/. □ 

The contraction identity (|5.6p used above is valid for all almost quaternion- 
Hermitian manifolds. When the structure is QKT, there are additional iden- 
tities of this type. 

Proposition 7.12. For a local adapted basis I, J, K of a QKT-manifold, the 
following identities are satisfied: 

Id*u I = t + Jjj + Kj K = JXj + KX K + 2Iri I , etc., (7.10) 

J 7J - K lK = JXj - KX K = -(Jd*cuj - Kd*to K ), etc., (7.11) 

JK K dwi + KkiduJi = -2{n - l)(A jdujj - A K duj K ), etc., (7.12) 

JAiduj K + KAiduj j = (2n — l)(Ajdwj - A K du; K ), etc. (7.13) 
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Proof. As M is a QKT-manifold, we have from equation (|7.2p 

cf w/ = -(V e ,w/)( ei , •) = -It - /(J 7J + K 1K ) 

giving the first equality of equation (17.10|) . On the other hand, it was shown 
in [20] that Id*ujj = JXj + KXk + Jrjj + Kr\K- But, for manifolds of type 
KH + EH, we have Ir/j = Jrjj = Kt\k by Corollary 14.21 and we obtain the 
second equality of equation (|7.10p . 

Equation (|7.11|) is an immediate consequence of equation (|7.10p . 

Finally, equation (I7.12p and equation (17.13(1 can be deduced from equa- 
tions (Oil . ((51)]) and ([7TTT1) . using Id* = -Ajdujj. □ 

Remark 7.13. It is not hard to prove that an almost quaternion-Hermitian 
4n-manifold, n > 1, is of type ^ES 3 H + KS 3 H + A^EH + KH + EH if 
and only if equation (|7.12l) is satisfied for any local adapted basis I, J, K. 
In other words, (|7.12p characterises the vanishing of the £'S' 3 if-component 
of the intrinsic torsion. 

Let us now turn to the question of integrability of compatible almost 
complex structures I, J and K. Taking the following identity 

N^X, Y) = -(V\ G I)IY - (V^J)F + {V\Pl)IX + (V^I)X, 

into account, we obtain that the corresponding (0, 3)-tensor Nj = (-, iVj(-, •)) 
is given by 

Nj = J77 Auj — A u>k — J'yJ ® + KjJ (g) cjr-, etc. (7.14) 

Note that equation (17.41) gives 7^ = A^, where A 7 = JAj — KXk- 

Fixing the almost complex structure I and under the action of the sub- 
group Sp(n) 17(1) of U(2n)/, it was noted in [20] that, for n > 1, W x <g> C = 
(AgE + £)(L 3 + L 3 ) and W 2 (g> C = (K + £)(L 3 + L 3 ). As in § El we get 

Wx = [A 3 EL 3 ] R + [£L 3 ] R1 , W 2 = [KL% + [£L 3 ] R2 . 

It is well known that, in general, the tensor Nj belongs to Wi+2. In our case, 
equation (|7.14h gives us that Nj E [£ , L 3 ]jri + [i?L 3 ] R 2, i.e., the components 
of Ni in [A^L 3 ] K and [KL 3 ] R vanish. 

Using equations (|7.14l) and (17. lip , we thus have: 

Corollary 7.14. Let M be a QKT-manifold of dimension An > 4. Then, 
for any local adapted basis I, J, K, the following conditions are equivalent: 

(i) the almost complex structure I is integrable; 

(ii) the Lee forms Jd*ojj and Kd*u>K are equal; 

(iii) the one-forms JXj and KXk o,re equal; 

(iv) the one-forms J^j and K^k are equal; 

(v) the equation h-Kdui j = —A jduJK is satisfied; 

(vi) the equation JAj^-dw/ = —KA jduji is satisfied; 

(vii) the equation JAjdoJK = —KAjdcv j is satisfied. □ 
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Corollary 7.15. Let M be a An- dimensional, (n > 1), almost quaternion- 
Hermitian with a global adapted basis I,J,K, i.e., M is equipped with an 
almost hyperHermitian structure. Then the following conditions are equiva- 
lent 

(i) M is an HKT-manifold; 

(ii) M is a QKT -manifold such that IXj = JXj = KXk = grt; 

(iii) M is a QKT -manifold such that Id*ujj = Jd*uij = Kd*uJK and 

IAxdcoj = Id*ujj, etc. 

Proof. This is an immediate consequence of Theorem 17.91 Proposition 17,121 
and Corollary I7TT41 □ 

Finally, lets us look at the two special types of QKT-manifolds with in- 
trinsic torsion in one summand of (K + E)H . 

Lemma 7.16. An almost quaternion-Hermitian manifold M of dimension 
4n > 4 is of type A%ES 3 H + KS 3 H + A 3 EH + KH if and only if, for any 
local adapted basis I, J, K , we have 

- IK K du)j = (n-l)Id*ujj - nJd*uj - (n - l)Kd*uj K , etc. (7.15) 

Proof. We have (9 5 = 6>J = 6»J = 6^ = 0. Equations (IBTTBl) and (IBTTTD then 
give 

uf = 2A\ A , vf = (2n - + 2A\ A . 

From these equalities together with equations (|5.3p . (15.51) and (|4.1ip . we 
deduce equation (|7.15l) . □ 

Theorem 7.17. Let M be an almost quaternion-Hermitian An-manifold, 
n > 1. 

(i) M is of type KH if and only if M is a QKT -manifold and, for any 
local adapted basis I, J, K, equation (|7.15|) holds. 

(ii) M is of type EH if and only if there exists a global one-form t defined 
on M such that, for any local adapted basis I, J, K, we have 

= -2^1* A ^I~ K ( KX K + 2 n(2n+l) *) A U J 
+ J ( JX J+ 2n(2n+l) t ) AuJ K, etc. 

In this case, M is called a locally conformal quaternionic Kahler man- 
ifold and the one-form t is given by 

2(n — l)t = 2nld*uj — KAjdcoi + JK^dtoi, etc. 

Proof. The first part follows directly from Lemma 17.161 

For M of type EH, then T = Y,A=I,J,K At A Equation ff77T6]> 

then follows from equations (17. 9p and (|7.10l) and Lemma [7771 □ 
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8. Almost Hermitian structures 

In this section, we will consider almost Hermitian manifolds M of dimen- 
sion 2n and the classification of Gray & Hervella [13J. These manifolds are 
equipped with an almost complex structure I compatible with a Riemannian 
metric (•,•). Therefore, their orthogonal frame bundles can be reduced to 
the unitary group U(n). 

By identifying the intrinsic U(n)-torsion £ aIi with X7 hC u!i via £ aH i— » 
-£ aI V _ vLC^, Gray & Hervella p3] gave conditions characterising classes 
of almost Hermitian manifolds by means of the covariant derivative V LC u/. 
The space of intrinsic [/(n)-torsions is then isomorphic to the space TV = 
T*M (g> A^ 2 ' } of covariant derivatives of the Kahler form cjj. Under the 
action of U(n), n > 2, W decomposes into four irreducible modules, 

W = Wi + W 2 + W 3 + W 4 = A {3 ' 0} + [U 3 % + Aj 2 ' 1} + A {1 - 0} . 

Therefore, for n > 2, there are 2 4 = 16 classes of almost Hermitian manifolds. 
For n = 2, Wi = W3 = {0} and there are only 4 classes. 

On the other hand, because du>i £ h?T*M = TVi + 3 + 4, only partial in- 
formation about £ aH can be recovered from the exterior derivative duj. 
The remaining component can be found in the Nijenhuis (0, 3)-tensor A/ £ 
Wi +2 C T*M <g) A 2 T*M, which is often more convenient to work with 
than V LC . Table I8TT1 lists conditions characterising the classes of almost Her- 
mitian manifolds in terms of tensors dwi and Nj. The symbol denotes 
the three-form obtained by skew-symmetrisation of A/, i.e., Hj(A", Y, Z) = 
Qxyz Ni(X,Y, Z). The conditions are found by studying the I7(n)-maps 

r H ^ - 6 (&ui)(Y,Z) = d^(X,Y,Z), 

XYZ 

e H » -{tfui){ix,Y) - {^ t ){x,y) 

and recalling the following well-known identity [12] 

Nj(X,Y,Z) = (V^ 7 )(/X,y) + (V5£wj)(X, Y) 

+ (V^ c cu 7 )(/Z,X) + {V^u T )(Z,X). 

9. Twisting 

In this section we consider the effects of "twisting" an almost hyperHer- 
mitian in the sense of [28] where this construction was shown to be an inter- 
pretation of T-duality. 

Let (M, /, J, K,g = (■, •)) be an almost hyperHermitian manifold. Suppose 
that X is a tri-holomorphic isometry, so 

L x g = 0, L x I = = L X J = L X K. 

Let Fq be a closed 2-form with L x Fg = and choose a nowhere vanishing 
function a £ C°°{M) so that X 9 = X j F e = -da. If P -> M is a principal 
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X 




TVj = and <Aj/ = 


*\ AT 

Wi = 


JNJC 


dw I = -fliVj 


^\ AT 

W 2 = 


/I r"T/* 


au;/ = (J 


AT 

W 3 




AT r\ 17* r\ 

Nj = and a = 


W4 = 




iVj = (J and cto;/ = — —^Idujj A cj/ 


Wi +2 






Wi +3 




Nj = 3iVj and cf u>/ = 


W 1+4 




dui = -pNt - j^Id*^ A wj 


W 2+3 




N/ = and cf u 7 = 


W 2+4 




cL;/ = -^j-/d*o;j A 


W 3+4 




jVj = 


w 1+2 _ 


f3 


d*cj/ = 


w 1+2 _ 


1-4 


dw/ = -£.TNj - jj^Jcfw/ A w/ 


W 1+3 - 


1-4 


Nj = 37V/ 


W 2+3 - 


1-4 


Nj = 


w 




no relation 



Table 8.1: The Gray-Hervella classes of almost Hermitian structures 
characterised by the Nijenhuis tensor and the exterior derivative of 
the Kahler form. 



M-bundle with connection 6 whose curvature is Fg, then X may be lifted to 
a transverse vector field I011P that preserves 9: the vertical component is 
given by aY where Y generates the principal action. Locally the twist W 
of M by (X,Fg,a) is the quotient W = P/(X) with the geometry induced 
from the horizontal space "K = ker#. Each X-invariant (0,/j)-tensor k on M 
is "K-related to a unique (0,p)-tensor k w on W defined by the condition 
that the pull-backs to P agree on "K. Exterior differentiation on W then 
corresponds to the twisted derivative d w = d — Fg A -Xj on invariant forms 
on M. 

If we twist an almost hyperHermitian structure the three-form /3j = 
Jdujj + KduJK transforms to 

Pf = p I -±X*A(J + K)F e . 

Thus to compute the change of the intrinsic torsion we should decompose 0Y 
as in (O). We start by decomposing Fg G A 2 T*M = S 2 H+\lES 2 H+S 2 E: 

Fg = (fJLjUl + fljUJj + UkUk) + + J(1)KJ + ^(l)«if) + OLg, 

with each k a G Aq£ C S 2 T*M and a G S 2 £. We have 

a e = |(1+ J + J + K)Fg, VA = ^ A Fg, 
A(i)K A = -\A{1 + I + J + K)AFg - hauja. 
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We find that 

\{J + K)F e = -fJ,iQJi - «j + a e € A}' 1 . 

Proposition 9.1. Suppose W is obtained from an almost hyperHermitian 
manifold M by a twist of the l$L-action generated by a symmetry X and using 
a curvature form Fg. Then W carries an almost hyperHermitian structure 
and the intrinsic almost quaternionic torsion is determined by the one-forms 

{ W = v{ + |{ j u/(2n - 1)/X b X _i olq IX j m}, 

4 W = 4 + a(2n+l)(n-l) ^ IX J Kl ~ ^ ~ X ) X J 

and three-form components 
(3^ W = (if + |-(2X b A + JX b A # (1) k 7 - KX b A J (1) «j) 

+ 3a(n-l) (2(X j ft/) Aw/ - (O j kj) Awj + ( JX J ft,) A u K ), 

pf )W =ti K) -^Aa e 

+ |;(X b A 7 (1) kj - JX b A + KX b A J (1) kj) 

~ 3a(2»+l) (( X J K l) AuJ I + ( KX J K l) Aw J + ( JX J K /) A UK) 
~ a(2n+l) (( /X J Q «) AWjl (JX J Q„) AWJ+ (KX J a ) A W]f). 

Proof. One first computes the following contraction formulae 
/Aj(I b Aa«)=Ija«, I A/ (7 A a;/) = (2n — l)i"7, /A/ (7 A wj) = J7, 
/A 7 (X b A Jka) = -/X _i «a, IA/(X b A JK4) = JX j k a . 

These lead directly to the claimed expressions for u[ W and v% W and then 
give 

fa w = 4I + 7fr^ry(w(2n - l)X b + IX j a e - X j Kj ) A wj, 

/% = /% ~ a(2n+l)(n-l)(2n-l) (~ nX J K I ~ ( W ~ J Q ^ A ^ 

- a(2n+l)(n-l) J K/ - (n - 1) JX J Ofl) A Wj 

- a(2n+l)(»-l) (- nJX -J «/ - (l - A Wjf. 

The remaining components of fii W are then found using l|5.7|) with 

£7(7 A ae) = 7 A ag, £7(7 A u>j) = 2/7 A uk — 7 A a>j, 
£7(7 A cjj) = 7 A wi, £7(7 A J(i)Ka) = 2/7 A K^ka - 7 A J(i)K A . 



□ 

Corollary 9.2. Twisting by Fq 6 ,S 2 i2 + S 2 /J leaves £33, £377 and £x3 «n- 
changed. Furthermore, 

(i) z/ 3X e = — 2(n + 2) ^ A haAX^ , then £eh is not affected; 

(ii) if Fq £ 5 2 -E, i/ien £753 zs unaltered. 
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I,J,K 


{0} 


Wi 


w 2 


w 1+2 


{0} 


rpAn 


impossible 


impossible 


impossible 


w 3 


Hq 


S 3 xT 9 


T 3 xM(fc) 3 


T 3 x(T\H) 3 


w 4 




impossible 


impossible 


unknown 


W 3+4 


C3 -y^rpim+X 


S 3 xT 9 


T 3 x(T\H) 3 , T 3 xM(k) 3 


T 3 x(r\F) 3 



Table 10.1: Examples with common almost Hermitian structures 



Proof. The assumption on Fg is equivalent to the vanishing of Kj, kj and 

Kjc- We thus have f3^ = (3^ and that (3j — p\ K ^ is independent of /, 
from which the invariance of the components in (A^E + K)S 3 E + A%EH 
follows. 

The change in Irjj is ^^{{2n+l)(Li I IX b - LijJX b - lxkKX^-X jag). If 
3X jag + (2n+ 1) Y^a HaAX^ = 0, then there is no contribution to J2a ^VA 
and hence no change in £eh- On the other hand, if Fg £ S 2 E then each 
IX a = 0, and there is no contribution to ES 3 H. □ 

Remark 9.3. Case ([nj shows in particular that the QKT condition is pre- 
served by twisting with Fg G S 2 E. 

10. Examples 

In this section we use the techniques developed in the previous sections 
to compute the intrinsic torsion in a number of particular examples. In the 
first instance we consider examples which a almost hyperHermitian with each 
Hermitian structure of the same Gray-Hervella type. From [20J we know that 
certain combinations can not occur. Table 110.11 gives an overview of which 
types may be obtained. The 4n-torus T = HP/Z is hyperKahler and so 
has intrinsic torsions 0. The Hopf-like manifold x S 1 = HP \ {0}/(q h-> 

2q), is locally, but not globally conformal, to the flat hyperKahler metric, so 
each almost Hermitian structure is of class W4 and the almost quaternionic 
type is EH. The other examples are described below. 

10.1. The manifold S 3 x T 9 . The sphere S 3 is isomorphic to the Lie group 
Sp(l). In the Lie algebra sp(l) there is a basis x, y, z such that [x, y] = 2z, 
[z, x] = 2y and [y, z] = 2x. From x, y, z one can determine the left invariant 
one-forms a, b, c which constitute a basis for one-forms and their exterior 
derivatives are given by da = —2b A c, db = —2c A a and dc = —2a A b. 

In the product manifold M = S 3 x T 9 , we write a\, b\, c\ for the one-forms 
corresponding to the factor S 3 and a«, bi, Cj, i = 2, 3, 4, for a basis of invariant 
one forms on T 9 = (S 1 ) 9 . On M we consider an almost hyperHermitian 
structure /, J, K with compatible metric (•, •) = Y^i=i( a i + bj + cf) and 
whose Kahler forms are given by 

uji = a 2 ai + a 4 a 3 + b 2 h + 6 4 5 3 + c 2 ci + c 4 c 3 , etc. (234), (10.1) 
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where a 2 a\ = a 2 A a\ and "etc. (234)" denotes the corresponding equations 
obtained by simultaneously cyclically permuting (I, J, K) and (2, 3, 4). Their 
respective exterior derivatives and the three-forms 0a are given by 

dui = 2(Qa 2 bici, Pi = -2 @ (ai6 3 c 3 + ai6 4 c 4 ) , etc. (234). 

afec afec 

Since AsduiA = 0, A,B = I,J,K, we have = and (3 A = 0, for 
A = I, J,K. Then, using equation (|5.7ft . we obtain 

/3|^ = — § @ ( a i^ici + «i&2C2 + aib 3 c 3 + ai6 4 c 4 ) , etc. 

abc 

= -§ (3 (-«i & i c i - a i & 2C 2 + 2ai& 3 c 3 + 2ai6 4 c 4 ) , etc.(234). 

afec 

Using Proposition 15.31 we get tp^ = 0, = 0, 6*^ = = 6>^, for A = 

I, J, K, ^( 3 ) / and / 0. Therefore, we have 

£ G A 3 Q ES 3 H + 

Note also that £ 33 / and £x_f/ 7^ 0. 

Furthermore, if we consider the connection V = V LC + ^T, where T is 
given by 

A=I,J,K 

we will obtain that this connection is metric and VJ = VJ = VK = 0. 
Thus, we have got an example of a quaternion-Hermitian manifold, which is 
not QKT, admitting an Spin) Sp(l)-connection with skew-symmetric (0, 3)- 
torsion. 

We compute the Nijenhuis (0, 3)-tensors for J, J and K via Proposi- 
tion H3J 

Nj = 2oi6ici - 2 @ aib 2 c 2 , etc.(234). 

abc 

Since iVj, Nj, Nk are skew-symmetric, then the almost Hermitian structures 
are of a type that lies in Wi +3+4 . However, Ad*uJA = — AacLja = implies 
that such structures are of type Wi +3 . The facts AcLua 7^ 3 AN a and Na ^ 
respectively imply that the structures are not of the types Wi and W 3 . 

Finally, if we make a conformal change of metric (•, •)° = e 2fJ (•, •) as in 
Proposition 15.41 we obtain a new quaternionic structure with 

i° G AlES 3 H + KH + EH. 

The new almost Hermitian structures are of type TVi +3+4 . 

10.2. The manifold S 3 xT 4m+1 . In the product manifold M = S 3 x T 4m+1 , 
m ^ 1, we write n = m + 1, a 2 , a 3 , a 4 to denote the one-forms corresponding 
to the factor S 3 and ai, aj, i = 5, . . . , 4n, for a basis of invariant one-forms 
on T 4m+1 . On M we consider an almost hyperHermitian structure J, J, K 
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with compatible metric (•, •) = Yli=i a i ® a i an d whose Kahler forms are 
given by the expressions 

n-l 

ui = (a.4i+2a4i+i + a4i +4 a4i +3 ) , etc. (234). (10.2) 

i=0 

Their respective exterior derivatives and the three-forms Pa are given by 

du>i = — 2010304, etc. (234), fli = — 4020304, etc. 

Hence, by Proposition 16.31 M is an HKT-manifold. Although this example 
is already known, we wish to give a few more details. We have 

Id*uJi = -2oi, IXi = -i 01, v I = ~2^pT ai, 
v{ = -4oi, 6» 5 = 0\ = - 4(2 „ +1) ai, etc., 

so 

£ e (K + E)H 

with 7^ and £eh 7^ 0. Also, the three almost Hermitian structures are 
of type W 3+4 \(W 3 UW 4 ). 

Making a local conformal change of metric (•, -)° = e 2a (•, •), with a satis- 
fying da = 49^ = — pn+i) ai 1 we wm obtain a new almost hyperHermitian 
structure {I, J, K; (•, -)°} with 

However, by Proposition 15.41 we will have 

tj* o 4 r\o 2 7° 4 

Jd W / - -l2^+TJ a l' JA /-~2lm a l' U 3 --27I+T a l' 

^1° = -2frr a i' 0i ° = e f = °> etc -> 

so the identities given in Lemma 16.51 are not satisfied and structure is not 
HKT. It has AX° A = ^4° / 0, but the three almost Hermitian structures are 
still of type W 3+4 \ (W 3 U W 4 ). 

Finally, for a local conformal change of metric by a satisfying da = 
— 2n-i °1> we obtain an almost hyperHermitian structure with three almost 
Hermitian structures of type TV 3 . However, such a structure is not HKT. 
The almost quaternion-Hermitian structure has 

£° G {K + E)H 

but not in any submodule. In fact, we will have 

TJ* o n T\o 2(n-l) 1° 4(2n-3) 
Iduj I = 0, I\j = ^Ol, U 3 = 4 w ^_i Ql, 

1° 8(n-l) /jf° 1 . 

^4 =-^T a l' ^ =°I = 2(4n*-l) °1» etC - 
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10.3. The quaternionic Heisenberg group. Now we consider the quater- 
nionic Heisenberg group Hq described by Cordero et al. [5]: 



which is a connected nilpotent Lie group. A basis for the left-invariant one- 
forms on Hq is given by a^, bi, Ci, i = 1, . . . , 4, where 

dqi = ax + ia 2 + ja 3 + ka 4 , dq 2 = h + ib 2 + jb 3 + /c6 4 , 
dq 3 - q 1 dq 2 = c\+ ic 2 + jc 3 + A;c 4 . 

With Tq be the subgroup of matrices of Hq with qi G Z{l,i,j,k}, we see 
that these forms descend to the compact manifold Mq = Tq\Hq. Consider 
the almost hyperHermitian structure on Mq with metric (-, •) = ^«=i( a ? + 
bf + cj), and Kahler forms given by (110.11) . 

Proposition 10.1 (Cordero et al. \5\). The three almost Hermitian struc- 
tures I, J, K defined on Mq are of type W3. □ 

Structures of type W3 are sometimes called balanced Hermitian. 
The three-forms (3a are given by 

\(3i = aibici + a\b 2 c 2 + a\b 3 c 3 + 016404 

- a 2 b\c 2 + a 2 b 2 c\ - a 2 b 3 c^ + a 2 b^c 3 , etc. (234). 

Using equation (|5.5p . we obtain that v% = = 0, so £eh = = by 
Proposition 15.31 

On the other hand, using equation (|5.7p . we obtain (3j = (3j K ^ = p^' 7^ 

and f3f ] + pf> + p$ = 0, with each (3 { A 3) / 0. Therefore, Proposition E 
gives £33 = £k3 = 0, £ 3 h / and £kh ^ 0. In summary, 

£ £ KqEH + KH. 



10.4. The manifold T 3 x (T\H) 3 . Let H be the real Heisenberg group of 
dimension 3: 





X 


A 




(6 


1 


y 


:x,y,z£ 







y 





A basis of left-invariant one-forms is given by {dx,dy,dz — xdy}. Let T be 
the discrete subgroup of matrices of H whose entries x, y, z are integers. The 
quotient space T\H is called the Heisenberg compact nilmanifold. The one- 
forms {dx, dy, dz—xdy} descend to one-forms p, q, r on T\H with dr = —pAq. 
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10.4.1. A first structure. Let M be the manifold T 3 x (T\H) 3 . On M we 
consider a basis of invariant one- forms a\, b\, c\ for T 3 and one- forms 02, 
&3, 04, 62, 63, 64, C2, C3 and C4 corresponding to the factors r\i? such that 
d(i2 = —0304, = —6462 and dc4 = — C2C3. 

On M we consider an almost hyperHermitian structure /, J, K with 
compatible metric (•, •) = ^f =1 (a? + bf + c?) and whose Kahler forms are 
given by the expressions (|10.1|) . 

Their respective exterior derivatives and three-forms Pa are given by 

dwj = —040304, Pi = —626364 — C2C3C4, etc.(a6c; 234). 

Using equations (|5.3p . (|5.5j) and (14. lip , we obtain 

vl = — |(6i +ci), v{ = —bi — c 1 , I\i = |(ai — 61 — ci), etc.(afec). 

Therefore, by Proposition 15.31 we get 

56 6»| = -3ai +61 +ci, -168 6» f = ai +61 + ci, etc.(a6c). 

Thus, the ^3 and ^ parts of the intrinsic torsion are not zero. 
On the other hand, by equations (15.21) and (15. 3p . we have 

7f3 { j E) = Mh + c^uJA, etc.(abc). 
A=I,J,K 

Hence, by equation (|5.7p on P^ +K ^ = Pa — Pa > we have 

/j} 3 -* = 0, p\ K ^ = -626364 - C2C3C4 - i V] A(6i + ci)^, etc.(a6c). 

A=I,J,K 

Proposition 15.31 then gives £33 = = 0, £k3 7^ and £kh an d we 
conclude 

f € KS 3 # + .BS' 3 ^ + + 

Let us now analyse the almost Hermitian structures. We compute the 
Nijenhuis tensors using Proposition 14.31 

Ni = 63 (8 6163 - 63 (g> 6264 - 64 <g> 6164 - 64 (8) 6 2 6 3 

— C3 (g> C1C3 + C3 (8) C2C4 + C4 (8) C1C4 + C4 C2C3, etc.(a6c; 234). 

We see that the alternation of the Nijenhuis tensors Na are zero. Therefore, 
the almost Hermitian structures are of type TV2+3+4. 

Moreover, Na 7^ so the structure is not of type W3 + 4. Since Id*u>i = 
— ai, etc.(a6c), the structures are not of type W2+3. It can be also checked 
that 5du>A 7^ —Ad*oJA^A, so the structures also not of type W2+4. 

Finally, making a conformal change of metric (-, -)° = e 2a (•, •) with a is a 
local function satisfying da = 48^ = — ^(ai + 61 + c\), we obtain locally a 
new almost quaternion-Hermitian structure {I,J,K; (•,•)"} with 

i° 6 KS 3 H + ES 3 H + K H. 

The three new almost Hermitian structures are still in W2+3+4. 
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10.4.2. A second structure. This time, on M = T 3 x (T\H) 3 , consider ai, 
&1, c\ a basis of invariant one-forms on T 3 , as before, and let 02, 03, 04, 62, 
^3, &4, C2, C3, C4 denote linearly independent one-forms on the factors T\H 
now with da,2 = — 62C2, ^63 = — c 3 a 3 and dc^ = —a^b^. 

Take the almost hyperHermitian structure /, J, K with compatible the 
metric (•, •) = Yli=l( a i + ^1 + C D an d with Kahler forms are respectively 
given by ifTUljl . 

Their respective exterior derivatives and three-forms (3a are given by 
duJi = —016202 + 036403 — 046403, etc.(a6c; 234), 
f3i = — 0161C4 — 016301 — 026204 — 026302 — 026303 — 026404, etc.(a6c; 234). 

Note that A B doJA = and A b (3a = 0, for A,B = I,J,K, so A\ A = 
and /r^ = 0. This implies that £53 = £eh = 0. Furthermore, using 
equation (15.7(1 one computes the components (5^ and and obtains that 
J2a=i,j,k 0a ^ and 3 ^4 / Efl=/,j,jf^' B y Proposition E31 we find 

(3) 

that £r-3 7^ and 7^ 0. Also we compute z2a=ijk@A. ^ ® an( ^ 

Wa / 3 E B =j,j,k $3 + ^ (Eb=/, A 3) ) > 80 63 / and &h 7^ 0. In 
summary, we get 

£ G AlES 3 H + KS 3 H + iTif + £?iT. 

Now we turn to analysis of the almost Hermitian structures. Since Ad*uJA = 
— Aa(1wa = 0, the almost Hermitian structures are of type Wi + 2+3. More- 
over, using the expressions for Na in Proposition 14.31 we have 

Ni = —a\ (g> 61C2 — ai (g> 62C1 + 02 (8> 62C2 — 02 <8> 61 ci 

+ 63 0303 - 63 0404 — 64 (8) 0304 — 64 <g) 0403 

— 03 (8> 0363 — 03 (g> 0463 — 04 ® 0363 + 04 (8 0464, etc.(a6c; 234). 

We find that Na is not skew-symmetric, the alternation N4 of Na is non- 
zero and that AduJA / — ANyi. Therefore, the almost Hermitian structures 
are not of type Wj+j, for i,j = 1, 2, 3. 

Making a global conformal change we obtain almost Hermitian structures 
of the general type Wi + 2+3+4 whilst preserving the almost quaternion Her- 
mitian type. 

10.5. The manifold T 3 x M(k) 3 . Let us consider the manifolds M{k) de- 
scribed in p] as S\/D and studied geometrically in (HJ 13 [9]. For a fixed 
k E M\ {0}, let G(k) be the three-dimensional connected and solvable (non- 
nilpotent) Lie group consisting of matrices: 

' (e kz x\ 



G(k) 



e~ kz y 



x,y,z E 



1 z 
{ \ 1/ 

A basis of right invariant one- forms on G(k) is {dx — kxdz, dy + kydz, dz}. 
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The Lie group G(k) possesses a discrete subgroup T(k) such that the 
manifold M(k) = G(k)/T(k) is compact. One example of T(k) is generated 
by choosing r > so that e kr + e~ kr £ Z and then taking the subgroup 
of G(k) generated by (x,y € Z,z = 0) and (x = = y, z = r). The given 
basis of one-forms on G(k) descends to one-forms a, b, c on M(k) satisfying 
da = —kac and db = kbc. 

10.5.1. A first structure. Let M be the manifold M = T 3 x M(k) 3 . Consider 
a basis of invariant one- forms Oi, b\, c\ on T 3 and one-forms a-i, 03, CI4, 62, 
&3, &4, c-2, C3, C4 corresponding on the factors M(k) with 

da-i = —ka^a2, dan = ka^a2, etc. (afrc; 234). 

Now we consider on M an almost hyperHermitian structure I, J, K with 
compatible metric (•, •) = Y^i=i( a i + c i ) and Kahler forms given by (jlO.ll) . 
The respective exterior derivatives and three-forms Pa are given by 

diuJi = kb\bibj, — kciC2C4, Pi = — fci>i&2&4 — kc\C2Cz, etc. (abc; 234). 

Note that £a /? a = 0. Therefore, Y^a P*a = and $P = °- This 
implies that £33 = and £x3 = 0. To compute the E'-parts of Pa and £, we 
first find 

Id*ujj = kbs — ka, IA-xduj = —ka2 + kc^, 
IAjdwK = —ka2 + kbs, etc. (abc; 234). 

Using equation (|4.11|) . we now obtain IXi = |(— 63 + C4), etc.(abc;234). On 
the other hand, using vf = and equation (|5.5h . we get 

i/f = fc(-6 3 + c 4 ), f£ = ^(-63 + 04), etc. (abc; 234). 

Finally, from the obtained expressions for AX a, v$ and z/J, using Proposi- 
tion 15.31 we find 

^ = 0, 0f = §(-63 + c 4 ), etc.(a6c; 234). 
Hence = and £#3 7^ 0. Furthermore, since 

pW = k J- A(b 3 - c 4 ) A loa, etc.(abc; 234), 
A=I,J,K 

we have H a (Pb - P^) = Pb - P ( g \ for A,B = I, J, K. Therefore, P A K) = 
p A - p A E) / and pf ] = pf = PP = 0. These last claims imply ^3 + 
and = 0. In conclusion, 

£ E KS 3 H + ES 3 H. 

Now we analyse the almost Hermitian structures. Using the expression 
for Na in Proposition 14.31 one can obtain Nijenhuis (0, 3)-tensor for /, J and 
K. These tensors Na are not zero and but their alternations N4 are zero. 
Therefore, the almost Hermitian structures are of type W2+3+4. 
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Moreover, Na / 0, this implies that the structures are not of type W 3+ 4. 
Additionally, we have seen above that the Lee one-forms Ad*uJA are non- 
zero, so the structures are not of type W 2 _|_ 3 . Finally, one can easily check 
that du>A 7^ —^Ad*u!A^A, so the almost Hermitian structures are not of 
type W 2+4 . 

10.5.2. A second structure. We again consider M = T 3 x M(k) 3 . We take 
ai, 61, ci to be a basis of invariant one-forms on T 3 and now a 2 , 03, 04, 6 2 , 
63, 64, c 2 , C3, C4 is basis of one-forms on M{k) 3 with 

db2 = — &6 2 a 2 , dc2 = fcc 2 a 2 , etc.(a6c; 234). 

On M we consider an almost hyperHermitian structure /, J, K with com- 
patible metric (•, •) = X^=i( a i + + c ?) an d Kahler forms given by (|10.1|) . 
The respective exterior derivatives and the three-forms (3a are given by 

£ cLj/ = 030463 — 030404 — 6i6 2 a 2 + 636404 + cic 2 a 2 — C3C463, 
I Pi = —axa 3 bi + aia 4 ci - a 2 a 3 6 2 + a 2 a 4 c 2 - &164C1 - 6 2 6 3 a 3 
- 6 2 6 4 a 4 - 6 2 6 4 c 2 + C1C361 + c 2 c 3 a 3 + c 2 c 3 6 2 + c 2 c 4 a 4 , 

etc.(abc;234). Since A-sdoJA = 0, for A,B = I,J,K, we have AXa = v t = 
= 6^ = 9 ^ A = 0, so £,es = and £eh = 0. Now, using (15. 7|) . one can 
compute the components and /?}^. One checks that ^2a=i J k Pa^ = 
0, /3^ 3) / 0, the Z?^, ^ = I,J,K, are distinct and T,A=I,J,K $P + °- 
Therefore, £ 33 = 0, i E H / 0, £k3 ¥= and £kh 0. In summary, 

£ E + KqEH + ATiA 

For the almost Hermitian structures, one computes A"^ via Proposition [43] 
and find that they are non-zero but their alternations Na vanish, so the 
structures lie in W 2+ 3 + 4 . Since KboIoja = 0, for A,B = I, J, K we have that 
the respective "\A4-parts are zero. Thus, the almost Hermitian structures are 
of type W 2+ 3. Because Na / and diVA / 0, the structures are not of the 
simple types W 2 or W3. 

10.6. Twisting tori. Up to this point we have obtained all the claimed 
examples of Table [TUTTl and determined the corresponding types of the almost 
quaternion-Hermitian structures. Let us now use the twist construction of Sj9] 
to give some other examples of types of £. 

Let us first demonstrate that the condition in Corollary I9.2K [I1) can be 
satisfied. Let M = T 4n , n ^ 2, with the standard flat hyperKahler structure. 
Take Fq = uj + uq and X an arbitrary isometry. Then \ii = 1 , (J, j = = fix 
and X 9 = —IX^+XjctQ. The condition of Corollary l9.2l ([il) is now equivalent 
to X j a e = This is satisfied if we take a e = -|^(A b A 

IX b — JX b A KX^). Locally, we may now twist to obtain a structure with 

£ w E KH + ES 3 H. 
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bmce X b A a e / 0, a is supported on MX and n ^ 2, we have £kh W / 0. 
On the other hand the values of the fiA ensure that Zez W + 0. 

As second example, consider T 4n , n ^ 3 with invariant basis a±, . . . , a^ n 
and two-forms (I10.2p . Take Fg = a2(ii + 0403 — a^a^ — a^a-j. We have 
Fg G A]' 1 orthogonal to u>j and of type {2,0} for J and K, so Fg = I^kj. 
Twisting via any X such that X j Fg = and each AX j Fg = yields an 
almost quaternion-Hermitian structure with 

e W G (A^ + i^)(,S 3 F + F) 

but not in any proper submodule. Making a conformal change we may also 
obtain structures with intrinsic torsion in (AqE + K)S s H + (AqE + K + E)H. 

10.7. Twisting Salamon's example. Recall that Salamon [26] gave an 
example of a non-quaternionic Kahler 8-manifold that has dQ = 0. The 
manifold is a compact nilmanifold T\G, where G has a basis of left-invariant 
one-forms a±, . . . , 04, 61, . . . , 64 satisfying 

da.2 = — V3aia4 — 30461, db2 = aia^ + VSa^bi, 

db^ = —a\(i2 — \[?>a2b\ — \fia\b2 + 36162, 

with the other basis elements closed. The Lie algebra g is a direct sum ]R 3 + (), 
with f) two-step nilpotent. Salamon's structure is then given by (llO.ip (with 
Cj = 0). In terms of intrinsic torsion this has 

i e KS 3 H. 

The two-form Fg = 0,10,3 + 0204 is a closed element of S 2 E and defines 
an integral cohomology class on M for an appropriate choice of T. We may 
thus twist using, for example, the central vector field X dual to 63 to obtain 
an almost quaternion Hermitian 8-manifold W with 

i w e K{S 3 H + H). 

Conformally scaling these two examples we may obtain structures with 

£° G KS 3 H + EH and £ w ° G KS 3 H + (K + E)H. 
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